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Motivating Requirements of Linear Algebra
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A Consistency check for Linear Algebra

Q Let a, b be two vectors. (Just like you learn in physics, for now).

@ (a,b) =a-b=]|a||b|cosf, where 0 is the angle between the vectors a
and b.
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A Consistency check for Linear Algebra

Q Let a, b be two vectors. (Just like you learn in physics, for now).

@ (a,b) =a-b=]|a||b|cosf, where 0 is the angle between the vectors a
and b.

© Also, a-b=aib; +aby +---+ a,b,.

@ Also, by Taylor's series expansion,

@ So, we have;

( _ 92 94 96 )_ (alb1+a2b2+---+a,,b,,)

—t——--—...]=
2! 41 6! \/a%++a,27\/b%++b’27
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An Application of Linear Algebra

Reference: Digital Image Matrix Operations by Williams Orenda

Subhrajyoty Roy Linear Algebra: An Introduction May 14, 2020 4 /60
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An Application of Linear Algebra

@ A Grayscale image of 512 x 480 pixels is represented by a matrix of
order 512 x 480.

@ A color image of 512 x 480 pixels is represented by three matrices of
order 512 x 480. We call these matrices as channels. There are Red,
Green, Blue channels.

© Now, we do like put the third matrix at first position, and the first
matrix at third position. Hence, the high values of red matrix, now
denotes the high value of blue matrix.
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An Application of Linear Algebra

Figure 4: red-blue swap

Reference: Digital Image Matrix Operations by Williams Orenda

Subhrajyoty Roy Linear Algebra: An Introduction May 14, 2020
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Building Blocks of Linear Algebra
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Five W's about Numbers

@ What is a number? Why is it the case that "1, 2, 3" are numbers,
but "I” am not?
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Five W's about Numbers

@ What is a number? Why is it the case that "1, 2, 3" are numbers,
but "I” am not?

@ Where does number comes from?
© Why are numbers required at all?

© How numbers solve these problems?
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Five W's about Numbers

@ What is a number? Why is it the case that "1, 2, 3" are numbers,
but "I” am not?

@ Where does number comes from?

© Why are numbers required at all?

© How numbers solve these problems?

© When we should think about numbers?
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Numbers vs Tuple of Numbers

Field 7

@ Two operations +, .
Q@ a+b=b+aand ab=ba.
@ a(b+c)=ab+ac.

Q a+(b+c)=(a+b)+c.
© 0st a+0=a.

Q Vadbst a+b=0.

@ Jlst a-1=a.

Q Va#03b st. a-b =1.
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Numbers vs Tuple of Numbers

Vector Space V over field F
Field 7 @ Two operations @, ®.

@ Two operations +, . Q@ uov=vo.u.
Q@ a+b=b+aand ab=ba. Qua(vow)=(uov)ew.
Q a(b+c)=ab+ac. Q 30y, st vadOy=v.
Q@ a+(b+c)=(a+b)+c. Q Vviust ve u=0y.
Q@ st a+0=a. Q VaceF,
O Vadbst a+b=0. a0 (uov)=(aou)d (aov).
@ dlst a-1=a Q Va,BeF,
Q@ Va#03b st. a-b' =1. (a+B)ov=(aov)s(Bov).
Q@ 0=+1. Q (af)ov=ao(fov).
Q lrov=yv.
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Spanning set in 2D Vector Space

@ There is a special car, which goes only up-down.

V)

Can you reach anywhere on the 2d plane with it?
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Spanning set in 2D Vector Space

@ There is a special car, which goes only up-down.

V)

Can you reach anywhere on the 2d plane with it?
@ The car goes up-down, and also left-right.

=2

Can you reach anywhere on the 2d plane with it?

© The car goes up-down, left-right, and also cornerwise.
W22~

Can you reach anywhere on the 2d plane with it?
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Spanning Set

Definition
A set of vectors {vi, Vo, ... v} is said to span the whole vector space V, if
for any vector v € V), there exists some scalers oy, ap, ..., € F, such that,

V=0Q1V] +QoVo + -+ QVik

This is called a linear combination.
In the previous example, the first set of vectors was not spanning, but the
second and third was.
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Linear Independence

Consider a bird returning to its home. It visualizes the world as a 3d
space.’ For now, let x is the axis straightways, y is the axis sideways, and
z is the axis from top of the sky to bottom of the ground.

@ Suppose the bird knows how to fly straight and sideways. Can it fly
downwards or upwards?

'We shall be more clear about what we mean by 3d or 3 dimension
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Linear Independence

Consider a bird returning to its home. It visualizes the world as a 3d
space.! For now, let x is the axis straightways, y is the axis sideways, and
z is the axis from top of the sky to bottom of the ground.

@ Suppose the bird knows how to fly straight and sideways. Can it fly
downwards or upwards?

@ Suppose the bird knows how to fly straight and sideways. Can it fly
parallel x = y plane?

'We shall be more clear about what we mean by 3d or 3 dimension
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Linearly Independent Set

Definition
A set of vectors {vi, vs,... vk} is said to be linearly independent, if for any
v;, cannot be written as a linear combination of the other vectors in the
set, i.e. one cannot find some scalers aq,...aj_1, @41, ...k € F such
that,

Vi=oqVvy+ -t Qo1Viol Qe Vil o+ OV
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Linearly Independent Set

Definition
A set of vectors {vi, vs,... vk} is said to be linearly independent, if for any
v;, cannot be written as a linear combination of the other vectors in the
set, i.e. one cannot find some scalers aq,...aj_1, @41, ...k € F such
that,

Vi=oqVvy+ -t Qo1Viol Qe Vil o+ OV

OR A set of vectors {vi, va,... vk} is said to be linearly independent if
there does not exist some scalers oy, ap,...a, € F, such that,

O=a1V1+042V2+-“+04ka

where atleast one «; # 0.

Subhrajyoty Roy Linear Algebra: An Introduction May 14, 2020 14 /60



Two Basic Results

Result (Extension of Spanning Set)
If S is a spanning set, then any superset of S is also a spanning set. J
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Two Basic Results

Result (Extension of Spanning Set)

If S is a spanning set, then any superset of S is also a spanning set.

Result (Deduction of Independent Set)

If S is a linearly independent set, then any subset of S is also a linearly
independent set.
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Basis of a Vector Space

Definition

A basis of V is a spanning set for V which is also linearly independent.

Exercise

© Show that, a basis of V is the smallest possible spanning set of V.
@ Show that, a basis is the largest possible linearly independent set.
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The dimension of vector space

Theorem

If By and B, are two bases of a vector space V, then |Bi| = |B
sizes are same.

, I.e. their
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The dimension of vector space

Theorem

If By and B, are two bases of a vector space V, then |Bi| = |B
sizes are same.

, I.e. their

To prove this, let, By = {vi,va,...vy} and By = {u1, 2, ... Up}.
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The dimension of vector space

Theorem

If By and B, are two bases of a vector space V, then |Bi| = |B
sizes are same.

, I.e. their

To prove this, let, By = {vi,va,...vn} and By = {u1, up,...u,}. However,
We need another lemma.

Lemma (Replacement Theorem)

g 1 0 g
There exists v; such that, Bl( ) {ui,vi,v2, ... Vi_1,Vi41,...Vm}, which is
obtained by including uy and removing v;, is also a basis.
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Proof of Basis Theorem

Proof.

Assume m # n, we shall use proof by contradiction. Without loss of
generality, m < n.

Consider, replacing u; to get, Bl(l), which is a basis. Next, replace u»> to
Bl(l) to get the new basis, Bl(z).

Continue replacing all elements from B;, until Bl(k) is completely filled
with u;'s only, (i.e. all v;'s are removed).

But, this final basis is maximal linear independent set, but is a strict
subset of B>. B> cannot be basis. O
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Example 1

Vector space R"”, which is the space of n-dimensional vector.

1 0 0
B- 0 7 1 L 0
0 0 1

is the Euclidean basis.
To express an element x € R", we use;

X1 1 0 0

X 0 1 0
X = =x + X + ot Xp

Xn 0 0 1

Identify x as the tuple of the coefficients (x1,x2,...xp).
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Example 2

Vector space R?, which is the space of 2 dimensional vector with real
elements.

B={(1.1).(1.2)}

is a basis.
To express the usual vector x = (4,5), with respect to this basis,

)0

So identify x as (3,1), the tuple of coefficients.
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Application of taking Linear Combinations
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Matrix as a Linear Transformation
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Application of identifying matrix as function
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What is Linear Transformation

Definition
A linear transformation is a function f from a vector space U to a vector
space V, such that;
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A linear transformation is a function f from a vector space U to a vector
space V, such that;

@ U and V are both vector spaces over same field F.
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What is Linear Transformation

Definition
A linear transformation is a function f from a vector space U to a vector
space V, such that;

@ U and V are both vector spaces over same field F.

Q f(avy®fPwvr) =af(vy) @ Bf(w), forany a,f e F and vi,vo eU.
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Examples of Linear Transformation

Example

Let £ :R” - R? be a function such that,

F(v) (1,0) if there are odd number of positive entries in v
V)=
(0,1) otherwise

Is it a linear transformation?
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Examples of Linear Transformation

Example
Let f: R" - R? be a function such that,

F(v) (1,0) if there are odd number of positive entries in v
V)=
(0,1) otherwise

Is it a linear transformation?

Example
Let f: R” — R? be a function such that,

fF(v) = [2]

where x7 is sum of odd position elements, x» is sum of even position
elements. Is it a linear transformation?

v
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What's so good about it?

Let, f : U — V be a linear transformation. Let, A= {u,us,...un} be the
basis of U.

Then,
ueld — u=Za,-u,-
So,
f(u) = f(zaiu,') = ) aif (uy)
Result

To specify a linear transformation, it is just enough to know its action on
the basis.
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Example
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Linear Transformation to Matrix

Now, let B = {vq,vs,...v,} be a basis of vector space V. Then, there are
scalars, rj, i=1,2,...mand j=1,2,...n such that,
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Linear Transformation to Matrix

Now, let B = {vq,vs,...v,} be a basis of vector space V. Then, there are
scalars, rj, i=1,2,...mand j=1,2,...n such that,

f(ur) =rivi+rovo+--+rpvy
f(UQ) =mMn1Vi+MnoVvo +--+ nhpVvy

f(um) =rmivi+rmvo+ -+ rmnVn

We can now collect all these numbers r;; together, so that we get an array
of scalars, with m rows and n columns. This is MATRIX over the scalar

field F, corresponding to the transformation f : U — V with respect to the
basis A and B.
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Generalizing Matrix Vector Product

Q Take ueld, so we have u =Y ;aju;.
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Generalizing Matrix Vector Product

Q Take ueld, so we have u =Y ;aju;.
@ Now, f(u) =Y, a;f(u;).
Q f(u) =% Xjrjvi=%; ¥ rijai

@ But we identify a vector by its coefficients with respect to the basis.
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Generalizing Matrix Vector Product

Q Take ueld, so we have u =Y ;aju;.
@ Now, f(u) =Y, a;f(u;).
Q f(u) =% Xjrjvi=%; ¥ rijai

@ But we identify a vector by its coefficients with respect to the basis.

@ So, we have the following transformation;

o it rni i el
ax | | Zireoi| _|n2 r2 m2
am Zi linQ; nn nNn I'mn

a1
a2

am
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Generalizing Matrix Vector Product

Q Take ueld, so we have u =Y ;aju;.

@ Now, f(u) =Y, a;f(u;).

Q f(u)=X;a;X;rjvi=%; X rjo

@ But we identify a vector by its coefficients with respect to the basis.

@ So, we have the following transformation;

o it n 1 ... rmi|f{oa
x| | Zireai|_|n2 2 ... rm2ff a2
am Zi linQ; nn nn .- TImn] \Om

Q (Umx1)nx1 = (Rf)nxmUmx1. Note the transpose of matrix.
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Example 1

Example
f: R* > R? such that,

X1

£ X2 _ (Xl + X3)
X3 X2 + Xg
X4

is given by the matrix;
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Example 2

Example

f : R? - R? such that, .
f(z)= ze'?

where z € C. The transformation matrix works as follows;

al cosf -sinf|[a

b sinf cosf |\b
This type of rotational transformation is denoted by a matrix of special
property, these are called Orthogonal matrices.
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Some more results

Theorem

Q Iff,g are linear transformation with matrices A and B, show that,
(f + g) has matrix A+ B with respect to same bases.
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Some more results

Theorem

Q Iff,g are linear transformation with matrices A and B, show that,
(f + g) has matrix A+ B with respect to same bases.

©Q f og has matrix AB, where it denotes the matrix multiplication.
© 171, if exists, has the matrix A™%, where AA™! = I, the identity matrix.

Exercise

@ How does the transformation f : R" — R™ given by f(x) = x looks
like as matrix? Is it identity matrix?

© What is the matrix corresponding to the transformation fg, i.e.
(fg)(u) = f(u)g(u).
© What is the matrix corresponding to f/g? Is it AB™1? or B71A?

@ What is the linear transformation corresponding to the matrix AT ?
What is corresponding to A® B, where ® is the elementwise product.
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Kernel, Null Space and Range

Definition
The kernel or null space of a transformation f is the set
Ker(f) = {x:f(x) =0}. That means, the null space of a matrix A is

N(A) = {x: Ax =0}.
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Kernel, Null Space and Range

Definition

The kernel or null space of a transformation f is the set

Ker(f) = {x:f(x) =0}. That means, the null space of a matrix A is
N(A) = {x: Ax =0}.

Definition
The range of a transformation f : U — V is the set R(f) = {f(x): xeU}.

Subhrajyoty Roy Linear Algebra: An Introduction May 14, 2020 33/60



Kernel, Null Space and Range

Definition
The kernel or null space of a transformation f is the set

Ker(f) = {x: f(x) =0}. That means, the null space of a matrix A is
N(A) = {x: Ax =0}.

Definition

The range of a transformation f : U — V is the set R(f) = {f(x): xeU}.

Exercise

Q Iff(xo0) = yo, then all solutions to the equation f(x) = yq is the set
xo + Ker(f).

@ Show that, Ker(f) is a vector space.
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An Interesting Example

Let there are n cities, C1, Gy, ..., C,. Between the cities, we have one-way
roads. Consider a n x n matrix R such that,

|1 if there is road from city i to city |
! 0 otherwise

Then, consider square of this matrix.
(R%)ij = > RiRyj
k

A term in the sum is 1 iff there is a road from city / to city j, through city
k. So, (R?); is the number of ways to reach city j from city i visting a
city in between.

In other words, (R + R?+---+ R);; is the number of ways to reach city i
from city j in atmost s steps.
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Building Row Rank and Column Rank

Consider a matrix A of order m x n.
Definition

Let R(A) denote the span of the row vectors in A. Then, row rank of a
matrix is the dimension of that spanning vector space.
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Building Row Rank and Column Rank

Consider a matrix A of order m x n.
Definition

Let R(A) denote the span of the row vectors in A. Then, row rank of a
matrix is the dimension of that spanning vector space.

Definition

Let C(A) denote the span of the column vectors in A. Then, column rank
of a matrix is the dimension of that spanning vector space.
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Some Results

Theorem

Row rank < min {m, n}
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Some Results

Theorem
Row rank < min {m, n}
Theorem
Column rank < min {m, n}
Exercise
Show that, column space of a matrix A = C(A) is same as the range space
R(f).
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Rank Theorems

Theorem

Row rank = Column Rank

This common value is called Rank of a matrix.
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Rank Theorems

Theorem

Row rank = Column Rank

This common value is called Rank of a matrix.

Proof.

|

O

v
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Rank Nullity Theorem

Theorem (Rank Nullity Theorem)

If f :U -V is a linear transformation with corresponding matrix A, then;

p(A) +d(N(A) =d(V)
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Rank Nullity Theorem

Theorem (Rank Nullity Theorem)

If f :U -V is a linear transformation with corresponding matrix A, then;

p(A) +d(N(A) =d(V)

Proof.

Let, B = {vi,va,...v,} be a basis of V. Some of these form the basis of
R(f). The rests are like useless fellows.

Enough to show, the number of such useless fellows is same as the
dimension of d(Ker(f)) O
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Invertibility and Rank of a Matrix

Theorem

A matrix is invertible if and only if it has full rank, i.e. A nx n matrix is
invertible if and only if p(A) = n.
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Invertibility and Rank of a Matrix

Theorem

A matrix is invertible if and only if it has full rank, i.e. A nx n matrix is
invertible if and only if p(A) = n.

Proof.

Suppose, f : F" — F" is the linear transformation corresponding to A.
Let, p(A) < n. That means, d(R(f)) < n. So, there is a basis
B = {ul, u, ... u,,_1} of R(f)
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Invertibility and Rank of a Matrix

Theorem

A matrix is invertible if and only if it has full rank, i.e. A nx n matrix is
invertible if and only if p(A) = n.

Proof.

Suppose, f : F" — F" is the linear transformation corresponding to A.
Let, p(A) < n. That means, d(R(f)) < n. So, there is a basis

B = {ul, u, ... u,,_1} of R(f)

There must be a vector v € F" such that, Bu {v} is linearly independent,
hence is basis of F".
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Invertibility and Rank of a Matrix

Theorem

A matrix is invertible if and only if it has full rank, i.e. A nx n matrix is
invertible if and only if p(A) = n.

Proof.

Suppose, f : F" — F" is the linear transformation corresponding to A.

Let, p(A) < n. That means, d(R(f)) < n. So, there is a basis

B = {ul, u, ... u,,_1} of R(f)

There must be a vector v € F" such that, Bu {v} is linearly independent,
hence is basis of F".

But, v does not have a pre-image, as v ¢ R(f). O

v

Subhrajyoty Roy Linear Algebra: An Introduction May 14, 2020 39/60



Determinant of a Matrix
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Working on the Determinant

Consider the matrix,
A= [Xl X3]
X2  Xa
That means, it is a transformation from R? — R? such that,
(1,0) - (x1,x2) and (0,1) - (x3,xa).

So the unit square goes to the parallelogram given by the side vectors
(x1,x2) and (x3,xs).
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Working on the Determinant

Consider the matrix,
A= [Xl X3]
X2  Xa
That means, it is a transformation from R? — R? such that,
(1,0) - (x1,x2) and (0,1) - (x3,xa).

So the unit square goes to the parallelogram given by the side vectors
(x1,x2) and (x3,x2). Question: What is the area of the parallelogram?
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Determining formula for Determinant

a ¢

Consider A = [b d

] and proof from Mathematics Magazine, Mar 1985.
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Determining formula for Determinant

Consider A = [b d] and proof from Mathematics Magazine, Mar 1985.
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Determinant as Hypervolume

The answer to previous question is det(A) = x1x4 — X2X3.
So, we generalize a concept called Determinant, which is a measure of

the Hypervolume of the Hyperparallelopiped, given by the column vectors
of A.
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Determinant as Hypervolume

The answer to previous question is det(A) = x1x4 — X2X3.
So, we generalize a concept called Determinant, which is a measure of

the Hypervolume of the Hyperparallelopiped, given by the column vectors
of A.

@ Hence, you cannot think of determinant of non square matrix, since

specifying the Hyperparallelopiped uniquely, you require atleast all n
columns for R".
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Determinant as Hypervolume

The answer to previous question is det(A) = x1xa — X2X3.

So, we generalize a concept called Determinant, which is a measure of
the Hypervolume of the Hyperparallelopiped, given by the column vectors
of A.

@ Hence, you cannot think of determinant of non square matrix, since
specifying the Hyperparallelopiped uniquely, you require atleast all n
columns for R".

@ If det(A) =0, then the linear transformation is not invertible. Think
that the linear transformation is squeezing many vectors between two
of its Hyperspace, at a single Hyperplane, which makes it impossible
to retrace back exactly from where these vectors come from.
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Properties of Determinant

@ Expanding by row or expanding by column gives same determinant.
Because volume is independent of our method of expansion.
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@ If one row or column is 0, then determinant is 0, as Oy, is one side of
the Hyperparallelopiped.
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Properties of Determinant

@ Expanding by row or expanding by column gives same determinant.
Because volume is independent of our method of expansion.

@ If one row or column is 0, then determinant is 0, as Oy, is one side of
the Hyperparallelopiped.

© Row operation or column operation does not change the volume
(extension to the result that area of any parallelogram supported by
same parallel lines always remain same).
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Properties of Determinant

@ Expanding by row or expanding by column gives same determinant.
Because volume is independent of our method of expansion.

@ If one row or column is 0, then determinant is 0, as Oy, is one side of
the Hyperparallelopiped.

© Row operation or column operation does not change the volume
(extension to the result that area of any parallelogram supported by
same parallel lines always remain same).

1 . g .
Q det(A1) = det(A)’ Since, if unit cube maps to something of volume
e

det(A) in range space, an unit cube (or volume) in range space maps
back to something of volume 1/det(A), simple unitary method.
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Multiplicative Property of Determinant

Theorem
det(AB) = det(A) det(B) J

Subhrajyoty Roy Linear Algebra: An Introduction May 14, 2020 45 /60



Multiplicative Property of Determinant

Theorem

det(AB) = det(A) det(B)

Proof.

Let, f, g be the linear transformations corresponding to A and B. Also,
the maps go like Y -V - W.
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Multiplicative Property of Determinant

Theorem

det(AB) = det(A) det(B)

Proof.

Let, f, g be the linear transformations corresponding to A and B. Also,
the maps go like Y -V - W.

An unit cube in U becomes the det(A) volume of Hyperparallelopiped in

V. An unit cube in V becomes the det(B) volume of Hyperparallelopiped
in W.

Subhrajyoty Roy Linear Algebra: An Introduction May 14, 2020 45 /60



Multiplicative Property of Determinant

Theorem

det(AB) = det(A) det(B)

Proof.

Let, f, g be the linear transformations corresponding to A and B. Also,
the maps go like Y -V - W.

An unit cube in U becomes the det(A) volume of Hyperparallelopiped in
V. An unit cube in V becomes the det(B) volume of Hyperparallelopiped
in W.

So, an unit cube in U becomes of volume det(A) det(B) in W, when we
apply f o g, whose corresponding matrix is AB. O

V.
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Inner Product Space
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Inner Product vs Metric

Inner Product
Q (,):VxV->F
Q@ (x,y)=(y,x).
Q (ax,y) = a(x,y).
Q (x+z,y)=(xy)+(z,y).
Q@ (x,x)>0 Vx=#0y.
We call \/(x,x) = | x|, the norm of x.
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Inner Product vs Metric

Inner Product

Q ():VxV->F. Distance function or Metric
9 (x,y)=(y,x). Q d(-,):SxS->R.

Q (ax,y) =a(x,y). Q d(x,y) =d(y,x).

Q (x+z,y)=(x,y)+(z,y). Q d(x,y) >d(x,z)+d(z,y).
Q (x,x)>0 Vx=0y. Q d(x,x)>0 VxeS-{0}

We call \/(x, x) = ||x]|, the norm of x.
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Matrix of Inner Product

© Inner Product looks like a linear operation, hence there could be a
matrix for it.

@ Since inner product takes two arguments, the matrix would be
multiplied by two vectors to provide its output.
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Matrix of Inner Product

© Inner Product looks like a linear operation, hence there could be a
matrix for it.

@ Since inner product takes two arguments, the matrix would be
multiplied by two vectors to provide its output.

O Let, B={v1,vs,...v,} be a basis of V.
@ Let, A be a matrix such that,

(A)j; = (Vi vj)

Note that, A is symmetric matrix, A" = A.
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Building Inner Product Formula

@ We have, x = (x1,X2,...X,)" and y = (y1,¥2,...¥n) .
@ Therefore,

{xy) = Zx,v,,Zij, ZX’V“EyJVJ
:fo V“nyvf Zx, Zijpv,
—ZXIZYJ Vi Vi) —ZZXIYJ Vi, vj)

—ZZX: iYj
:xTAy

This A is called the inner product basis matrix. The forms x" Ay are
called Bilinear forms.
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Formula Inner Product

@ Let, B be the usual n dimensional Euclidean basis. Let, ¢; be the
vector with all zeros except a one at i-th position.

@ Define, inner product basis matrix to be identity matrix, as usual.

@ Then,
(x,y) = 2. xi05y;

where

Hence, (x,y) = ¥; xiyi.

Subhrajyoty Roy Linear Algebra: An Introduction May 14, 2020 50 /60



Inner Product to Projection

O Let's say, you want to find the projection (or the component) of x
that is aligned with e, i.e. what should be the projection of
(x1,%2,...x,) onto (1,0,0,...0)7

@ What should be the projection of (x1,x2,...x,) onto («,0,0,...0)?
© What should be the projection of (x1,x2,...x,) onto (y1,y2,...¥n)?
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Inner Product to Projection (Contd.)

@ You want to find projection of x onto y.
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Inner Product to Projection (Contd.)

@ You want to find projection of x onto y.
@ This means, you extend this {y} to a Orthogonal basis, say,
B = {y7y17y2a 0o '.y(n—l)}r where yTYI =0.
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Inner Product to Projection (Contd.)

@ You want to find projection of x onto y.

@ This means, you extend this {y} to a Orthogonal basis, say,
B= {y,yl,yg, . .y(,,_l)}, where yTy; = 0.
@ Then,
X=oay+a1y1 +agy2+...0n-1Yn-1

and ay is the part or component of x in the direction of y.
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Inner Product to Projection (Contd.)

@ You want to find projection of x onto y.
@ This means, you extend this {y} to a Orthogonal basis, say,
B={y.y1,y2,-- - ¥(n-1)}, where yTy; = 0.
@ Then,
X=oay+a1y1 +agy2+...0n-1Yn-1
and ay is the part or component of x in the direction of y.
@ So, you consider;

=ayt+toaryi1tazy2+...Qp-1Yn-1
3<X,y) aly,y) + oy, y) + -+ an-1(yn-1,)
=(x,y) =aly,y)
L)
)

=«
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Answer to the first question

@ Now, we go back to the very first question. Why the formula for inner
product gives cosine of the angle between the vectors.

Subhrajyoty Roy Linear Algebra: An Introduction May 14, 2020 53 /60



Answer to the first question

@ Now, we go back to the very first question. Why the formula for inner
product gives cosine of the angle between the vectors.

@ Note that, geometrically, it is easy to see, the projection of x onto y
is x cos 6.
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Answer to the first question

@ Now, we go back to the very first question. Why the formula for inner
product gives cosine of the angle between the vectors.

@ Note that, geometrically, it is easy to see, the projection of x onto y
is x cos 6.

@ From the discussion before, the projection was ay, and hence,
xcosf = ay.
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Answer to the first question

@ Now, we go back to the very first question. Why the formula for inner
product gives cosine of the angle between the vectors.

@ Note that, geometrically, it is easy to see, the projection of x onto y
is x cos 6.

@ From the discussion before, the projection was ay, and hence,
xcosf = ay.

@ Therefore, taking norm and equating,

|x cos@| = | x| cos6 = M||)’||
(v,y)
and we end up,
cosf = _(x,y)
[y
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Eigen Values
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Eigen Value as Projection

@ In a projection of x onto y, we try to find the best part of x which
can be made parallel to y.

o Eigenvalues are kind of projection of a linear transformation. You kind
of retain best parts of a linear transformation, which explains them
most.

Definition
A scalar A\ € F is said to be an eigenvalue with corresponding eigenvector

v €V of the matrix A if;
Av = A\v

with v # 0.
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Recipe for Eigen values

@ Since, Av = \v, we have, (A-Al)v=0.
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Recipe for Eigen values

@ Since, Av = \v, we have, (A-Al)v=0.
@ That means, d (N (A-)I)) > 0.

@ That means, by rank nullity theorem, p(A-Al) <n, if Awas nxn
matrix.

© That means, (A—\l) is not invertible.
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@ That means, d (N (A-)I)) > 0.

@ That means, by rank nullity theorem, p(A-Al) <n, if Awas nxn
matrix.

© That means, (A—\l) is not invertible.

© So, det(A—\/) =0. Hence, eigenvalues are roots of the polynomial
det(A-xl) =0.
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Recipe for Eigen values

@ Since, Av = \v, we have, (A-Al)v=0.
@ That means, d (N (A-)I)) > 0.

© That means, by rank nullity theorem, p(A—\l) < n, if Awas nxn
matrix.

© That means, (A—\l) is not invertible.

© So, det(A—\/) =0. Hence, eigenvalues are roots of the polynomial
det(A-xl) =0.

Exercise
Find eigenvalues of a diagonal matrix with entries a1, az, ... ap.

Find eigenvalues of the matrix A = [Z i’]
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Decomposition with Eigen values

Let, B be a basis with vi,vs,...v,, each of which is an eigenvector, with
corresponding eigenvalue Ay > Ao > -+ > A,
Then,

Ax = A(Y aiv))
i
= ZO&,‘AV,‘
i
= ZO&,‘)\,’V,‘
i
N al)\lvl + a2>\2V2 qpoooqp ozk)\kvk

where k << n.

Instead of remembering n® numbers to specify A, we can simply remember
k(n+1), numbers (kn for the eigenvectors and k many for eigenvalues).
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Example: Principal Component Analysis

Reference: Math stack exchange.

PCA applied to an ellipsoidically shaped point cloud

more information: ww joyofd princip. P P
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Example: Eigen Face (from Sandipanweb Wordpress)

#efaces=1, res=57.804  #efaces=2, res=57.611  #efaces=5, res=54.054 #efaces=10, res=52.01 #efaces=20, res=45.897
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STAY HEALTHY & STAY SAFE
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